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Homing Guidance Problem

missile

Equations of Motion (EOM):

[ 2
} e R"
v

e

« z(t), v(t): Relative position and velocity of target w.r.t missile along Z-axis.

* Initial target range Ry, = 3000m

* Missile horizontal velocity V. = 300ms™

. Z(tf) = v(tf) = 0 for a successful intercept.

* Objective: Minimize the overall control effort throughout the trajectory.
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From Optimal Control problem to Parameter Optimization

trajectory

constrained

optimization
problem

e decision variables are
vector functions
¢ infinite dimensional

e differential équations

> parameter
optimization

e decision variables are
real numbers
e finite dimensional

e algebraic equations

> Direct Methods

Indirect Methods =
e "optimize then discretize"
e more accurate

e harder to pose and solve

e "discretize the optimize"
¢ less accurate
e easier to pose and solve

» Collocation Methods

Shooting Methods <«

e based on simulation

¢ better for problems with
simple control and no path
constraints

¢ based on function approximation
¢ better for problems with
complicated control and/or path
constraints

https://www.youtube.com/watch?v=wlkRYMVUZTs

SAI Strategic
Aerospace

22D Initiative

5



1. Intro/Prob 2. Unconstrained 3. Equality Constrained 4. Inequality Constrained 5. Comparison

Statement Optimization  § i Optimization Optimization i1 with MATLAB | i

Three Direct Collocation Methods

i i 6. Conclusion

* Euler Method
* Trapezoidal Method

 Hermite-Simpson Method
» Medium-order direct collocation

]. Treated in Interim Report

» State represented by cubic Hermite splines

» Control is assumed to be piecewise-linear

» Dynamics satisfied using Simpson quadrature

» Midpoint control and state values required

» Approximates the dynamics x = f(t,x,u) as x., =x, +%[fk +4f + fi]

1 h 1
where X, :E(Xk +xk+1)+§(fk _fk+1) , Ue :E(”k +”k+1)
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Optimization Problem using Hermite-Simpson Collocation

N T, & 1
Objective | minJ _LZ —u -|-—u " +—u sttt ettt -
N i= % | . J rf gl 1 2 1 1 2 :
o I inimi minJ = —Ur+ -, + U 1
Den.:1s10n VT Vil ! Minimize N & 3% T3ttt |
Variables ' ] 1 Eauali :
I quahty Ax — b A € R(L\-'+4)><(3A-’+3) b c R(L\-’H)xl I
1 | Constraints ? ?
=5 T (Vk +4y, +VA+1) ‘l o :
] Cx<d, I
1 : Inequality / :
- I | Constraints Y| TGN (6N+6)x(3N+3) (6N+6)<1
= (Ve + Vi )+ — (=1, +a,) || Constraints | C LISM]ER ,deR !
Dynamic ! BN+ !
Constraints h e e e ——————————— [
Vo, =V, +— < (—u, —4u, —u,,, +06g)
1
u. = E(Hk —HIM)
Initial and Upper bounds 2oV ’uk <1000
100 0 <
Final X, = , X, = Lower bounds —Z, =V, — 1000
ot 10 ' 0
Conditions Number of Equality
C : 2N +4
onstraints
Numl():er of Inpquality 6N +6
onstraimnts
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Addition of Waypoint Constraints

22D Initiative

N
L 1
Objective min J Z[—n +—uu,, +:sz_1} ittt —— n
=0 2 I . J rf Nl 1 2 1 1 2 :
i I'| Minimi mimJ =L —U;+—uu. .+ U I
Deglslon Ve B Vel il i inimize N & 3" T3t T g e "
Varnables T ] | : I
h I Equahj[y Ax=b. Ae ROV=»GN) } o peN+ex :
A —.l—_(v_ +4dv +v, ) I | Constramnts ’ ’ I
“k#l T <k PANINCE k+l ~| :
I Cx <d, I
l( ) ( ) : Inequality I :
. V. =—\V_+V +—\—U,_+U i — (3N+43) (6 N+6)x(3N+3) (6 N+6)x1
Dynamlc ) k k+1 3 k k+l : Constraimts | L (3_\43)} eR .deR :
Constraints : :
Vi =V +g(—uk —du, —u,,, +6g) | 0 T s
1
u. = E(”r‘c +”r‘c+l)
Initial and 100 Upper bounds z,,v,.u, <1000
Final X, = Xy =
‘s ' Lower bounds -z, ,—v,,—u, <1000
Conditions 10 k> k> Tk
Waypoint | Z(h) =2, 2(t,) = ancbs;otfi?tzahty 2N +6
Constraints | 0 < 7.1, <10
2 Numléer of ‘Igequality 6N +6
onstramts
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Steepest Descent

 The simplest method for unconstrained optimization is steepest descent.

III

* Key idea: The negative gradient —Vf (x) points in the “steepest downhill” direction for

f(x) at x.

* Question: How far should we go in the direction of =V f (x})?

* Line Search: For a direction s € R™, let : R — R be ¢(n) = f(x + ns). Then,
minimizing f along s corresponds to minimizing the one-dimensional function ¢ ().
» Golden Section Line Search

» Backtracking Line Search

fx+d)> f()+Vf(x)'d

STEEPEST DESCENT

1 Choose initial guess x,, convergence tolerance tol

2 for k=0,1,2,... do

3 s, =-Vf (xk)
4 if HVf (xk )HZ <tol then converged
5 Choose 7, that minimizes ¢(7, )= f(x, +7,5,)
6 X € X, +17,.8,
7 end for
AYa! s 10
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Newton’s Method

* Steepest descent often converges very slowly.
» Linear convergence rate, zigzag pattern @
» Not suitable for badly scaled problem where the eigenvalues of the Hessian &
at the solution are different by several orders of magnitude; large k = Amax//lmin

* Keyidea: We can get faster convergence by using more information about f(x)

e Motivation: f(x; + s;) = f(xg) + Vf(xp) sp + %Skvzf(xk)sk

* s, should minimize f(x) + si) = f(x) + Vf(x) sy + %Sszf(xk)sk

* 5o, Vskf(xk + 5k) = Vf(xg) + Hesp = 0= 5, = —Hk'lVf(xk), Hy = sz(xk)

NEWTON’S METHOD

1 Choose initial guess Xx,, convergence tolerance tol

2 for k=0,1,2,... do A
A

3 Solve H,s, =—Vf(x,) for s,
4 if HVf(xk )Hz <tol then converged (333 f(aj))
5 Ch that minimi — + S

oose 7, that minimizes ¢(7,)= 1 (x, +7,5;) (33 n A.’Bm, f(.’I,‘ n Awm)) B /f
6 X € X TS,
7 end for s = Ax,; (Newton step)
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Statement Optimization Optimization Optimization i1 with MATLAB

Newton’s Method

e Searches for the stationary points of quadratic approximation of the function,
A 1

flx +s6) = flxx) + VF Q) sy + Eskvzf(xk)sk

* Convex Problem * Non-Convex Problem

g (w)

( 1 :
w’ w w? w w? w! w’ w! w

For convex functions, these approximations  For non-convex functions, quadratic

are always convex and so their stationary approximations can be concave or convex
points are minima depending on where they are constructed,

leading the algorithm to possibly converge to a
maximum.

* Problems with Newton’s method:

— Only converges when sufficiently close to a minimum, the Hessian is dense in general and so very
expensive to compute its inverse if n is large, can be impractical to derive the Hessian analytically
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6. Conclusion

Quasi-Newton’s Method

* Quasi-Newton’s method do not require the Hessian matrix.
* Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm

— Computes the approximation of Hessian iteratively
— Improves the Hessian approximation using gradient evaluations

* Search direction: B,s, = — Vf(xy), B = Hy

* Quasi-Newton (secant) condition:
— LetSp = Xpyq — Xk = MieSi, Yie = VI (eg1) — VI ()
— Note: Vf(xx41) =V (xp +31) = V() + V2 f ()3
— Then, V3£ (x;)38 = Vf (xr+1) — V(X)) = yi
— Thus, By.q must satisfy By, 15 = Vi

* Symmetric Rank—Two Update Formula (from Lecture note)
— Byg41 =B — BkSkSkBk + T~ YVk

* Inverse Hessian Approach (from Lecture note)
— Motivation: s;, = —B,;1Vf(xk) = —H,Vf(xy)

~T k_  HrYk

~ ~ 1 §
— Hpy = — 5, S Hyy(H + (v H v Vi where vy, = =
k+1 Tse K Ok yTHkyk Hieyie( kyk) (VeHieyi ) vievi k= 3Ty T Hev
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Quasi-Newton’s Method

e Inverse Hessian Approach (from Lecture note)
— Motivation: s, = =B 'Vf(x) = —H,Vf(x})

— Hppp=Hp + y;£§k Sk S — %ﬁkh(ﬁﬂkﬁ + (v Hiyy )vivi where vy, = y;?;k — yggzsk
BFGS ALGORITHM
1 Choose initial guess Xx,, convergence tolerance tol, H 0 =1
2 while |Vf(x,)| 20l do
3 s, =—HVf (%)
4 Choose n, that minimizes ¢(77k)=f(xk+77ksk) by BTLS o Backtracking Line Search
S Xy X, F18, 0F X, < X~ H V(%) 1. “Sufficient decrease condition”
6 §e = X — X, — f(pa1) < FQO) + eV () sy
7| v =V (x5e) -V (%) - ¢€(0,1)
1 2. “Curvature condition”

8 = V'S, — Vf(xea) sk = canVf ()" s
9 H_ « (I—pk§kykT)I:[k (I—pkyk§kT)+pk§k§kT — e (¢, 1)

10 end while
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1. Intro/Prob 2. Unconstrained 3. Equality Constrained 4. Inequality Constrained 5. Comparison
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Interim Summary

* Unconstrained Optimization Problem

* Steepest Gradient Descent: X411 = X — 1 I Vf(xy)

e Newton’s Method : x4+ = x5, — 1 [V2f (x,) 171 Vf(xp)
* Quasi-Newton’s method: xj,.1 = x;, — 1 H, Vf(x3)
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Test on Benchmark Function

e Himmelblau Function f(x,y) = (x> + y — 11)? + (x + y? — 7)?

* Continuous, non-convex, multimodal function

* Used to test optimization algorithms

* |t has one local maximum at x = —0.270845 and y = —0.923039 where f(x,y) =181.617

* |t has four identical local minima:
— f(3,2) = f(—2.805188,3.131312) = f(—3.779310,—3.283186) = f(3.584428,—1.848126) = 0

Himmelblau Function

4000

3500

3000

2800

2000

1500

1000

10

SAI Strategic
Aerospace 16

22D Initiative



[ 1. Intro/Prob ] 2. Unconstrained | | 3. Equality Constrained ; i 4. Inequality Constrained : : 5. Comparison 6. Conclusion
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Test on Benchmark Function

* Implemented Steepest Descent, (Damped) Newton’s Method, and BFGS algorithm

Himmelblau Function

—+— SteepestDescent(GSLS,ExactGrad)

—+— SteepestDescent(GSLS,NumGrad)
—+—Damped Newton's Method(BTLS,ExactGrad)
- 4000 BFGS(GSLS,NumGrad)
—*—BFGS(BTLS,NumGrad)

= 3500

| 3000

x

=

2500

2000

1500

8 1000

500
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Test on Benchmark Function

* Implemented Steepest Descent, (Damped) Newton’s Method, and BFGS algorithm

—*— SteepestDescent(GSLS,ExactGrad)
—+— SteepestDescent(GSLS NumGrad)
—*—Damped Newton's Method(BTLS,ExactGrad)| |
BFGS(GSLS,NumGrad) |
—+—BFGS(BTLS , NumGrad)

I

|||Hf| |
Il
‘| (|

L]

> i/f | }' II| 9 }/ ‘l. | | |||||::|::l::l:l:::::::::ll:l:l

| |||'||||||I|"|II;|:|I

A

L |
.
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Constrained Newton’s Method

* Equality Constrained Problem
> ;rcg}z% f(x) subjecttoh(x) =0
> Llagrangian: L(x, 1) = f(x) + ATh(x)
» Lagrange multiplier: AeRP

e Optimality Conditions
» At optimal point, VL(x*,A*) = 0

VxL(x*,/l*)] _ [fo(x*) + Vxh(x*)/l*] . lO] <—— n equations
V,L(x*, 29| h(x™) ~ o] «— p equations

* Two ways to derive the Newton step Ax,,;

1. Solution to the approximate quadratic problem

» VL(x*, A*) =

2. Solution to the linearized optimality conditions

SAI Strategic
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1. Newton step via Second-order Approximation

* The Newton step Ax,,; solves the linearized (convex quadratic) problem

= Vh(x)T

.op _ T 1, T2
> Jnin, fx+Ax)=f(x)+Vf(x) Ax + ZAx Vf(x) Ax Dhl(x)] thl(x)T]
(p xn)

st. h(x +Ax) = hy/) + Dh(x) Ax =0 Dh(x) =
Dh,(x)

Vh,(x)T

* The Lagrangian for this problem is
> L(Ax,A) = f(x) + VF(x)TAx + %AxTVZf(x) Ax + AT (Dh(x) Ax)

e Optimality Conditions: VL(x,A) = 0
'V L(AX, /1)] _ [VF(x) + V2f(x) Ax + Dh(x)"2] _ [0]

> VL) = | V,L(Ax, 1) ] Dh(x) Ax

> Equivalently, VDZ}{((;C)) Dh(x)T] [Ax] = [ Vf(x)] ... “KKT System” V,.(Ax) = [D(Ax)]T = AT

alx — b,

» Suppose, we have linear equality constraints, i.e. h(x) = Ax — b = l ‘ = 0. Then,

T, _
apXx bp

Dh(x) =

D(a{x—bl)‘ [a{

: VZf(x) AT] [Ax :[—Vf(x)] D(aiTx—bi):[a(;iT") ORI 0
D(apx — by)

0xy
A

4> ‘[
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2. Newton step via Linearized Optimality Conditions

* Optimality conditions (replace x* « x + Ax,;;)

_[VL(x*, /1*)] [ of (x7) +Vxh(x*)’1*] — [0] becomes

[fo(x + Axy) + Vieh(x + Axnt)l] |V f ) + VEF () Ay + Vieh()A + V/ﬁ(x)AxntA
h(x + Axyy) - heg) + V,eh(x)T2

Dh(x)A

_ [fo(x) + VEf (0)Axye + Dh(x)T’l] = [8] since Vyh(x) = Dh(x)"
» Thus, we have

[ij}{g)) Dh(x)T] [Axnt [Vf (x)] ... “KKT System”

[Dhy (x + Ax,;) r

Dhy(x) + DVh, ()T Ax,, |
V,h(x + Axp,) = Dh(x + Ax,)T = ;

| Dhy, (x + Axye) Dhy,(x) + DVhy, (x)" Axpe
Dhy (x)]'
= : + DVh(x)TAx, = Vh(x) + V2h(x)Ax,,;
D h, (x)
SAI /S’\t:ct)igiacce 22

22D Initiative



|

1. Intro/Prob 2. Unconstrained 3. Equality Constrained 4. Inequality Constrained 5. Comparison 6. Conclusion
Statement Optimization Optimization Optimization P10 with MATLAB (i

Infeasible start Newton’s Method

 The previous interpretation can be extended to Newton step at infeasible points.
* Assume linear equality constraints, i.e. h(x) = Ax — b = 0.
* Let x’' denote the current point, not necessarily feasible, i.e. Ax' — b # 0, x' € dom f.

* Optimality conditions (replace x* « x' + Ax,;)
> [fo(x'> + V£ (')A + Dh(x')TA] S[9] = ([0 AT (e < [ YD

h(x) + Dh(x"A lax - b
T
* Introduce residual function r(y) = r(x, 1) = VF(x) +4 /1]
Ax — b (n+p)x1
* Linearizing r(y) = 0 gives r(y + Ay) = r(y) + Dr(y)Ay =0 Intuition: r(y*) = 0
Vi(x) +ATA Ax] _ [Vf(x) +AT/1 sz(x) AT [Ax
= + Dr(y) ] =
Ax—b AA Ax —
N _sz(x) AT Axne] _  [VF(x) + ATA Ax,;: Primal Newton step
Adnel Ax — AA,;: Dual Newton step
Dr(y)= D, (Vf(x) + ATD)] _ [Dx(Vf(x)+AT,1) DA(Vf(x)+AT/1)]_ [sz(x) AT
T bp,(ax—b) | T L DyAx—b) D,Ax—b) 1= 4 o

SAI Strategic
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Optimization Optimization Optimization i1 with MATLAB

Infeasible start Newton’s Method

* Primal-dual interpretation
» Update both primal x and dual A (or v)
> Satisfy the optimality conditions approximately r(y) = 0

* The Newton step Ax,,;, Av,; is not a descent direction unless Ax — b =0
a
> Ef(x + tAxpe)le=0 = Df (X)Axy = vf(x)TAxnt = _Ath(vzf(x)Axnt +ATw), w=v + Avy,
= —AxI V2 f (x)Axp; + (Ax — b)Tw < 0if Ax—b # 0

INFEASIBLE START NEWTON METHOD

1 Choose initial guess x,, convergence tolerance tol FI,, =1

(]

while |r(x,v)|, >0l do
S:[ﬁk AT A o}PTSP:LDLT * But, the residual decreases in

(Ax,;Av, | ==PL7 D7 L P r(x,v) norm at each iteration because:

nt?

Choose t that minimizes ¢(77k):||r(x+tAx V+tAvm)||2 by BTLS

nt? d
Zlr@y +tdy)lizle=0 = — lIr(W)Il2
t=1

While |r(x+tAx,,v+tAv,)

,> (I—Ott)”r(x,v)”2 t=pt

X X, +tAx,,, v, <V, +IAV,,

nt?>

o 0 N SN A W

Update H . via BFGS
10 end while

SAI Strategic
Aerospace 24

22D Initiative



1. Intro/Prob 2. Unconstrained 3. Equality Constrained 4. Inequality Constrained 5. Comparison
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6. Conclusion

Test on Himmelblau Function

* One equality constraint, x +y =1

Himmelblau Function

fixy) -

Contour
= Equality Constraint (x+y=1)

—+#— Constrained Newton's Method(GSLS)
——*— Constrained Newton's Method(BTLS)

3000

H|h“H|”|
|'|'|||'||n||||”f'|

1000

W LR
[ LV A I\I',I' I:"
LERLLL LT
5lﬁlﬂ'H|Hﬂ”““H“
ALV
AR
AULARRTEEEACRL AR
AR

]

i Infeasible start Newton Method with Golden Section Line Search using Numerical Gradients
III““W“?? %=3.0614, ¥=2,0995, norm{residual,2)=B.5377, A+x_k-b=4,1509, obi_func=0,37361
HHAH%M|“INHH““ %=3.0681, ¥=2.0328, normiresidual,2)=7 5691, A+x_k-h=4.1009, obj_func=0, 23312

I\ 'I'||'||I““| %=3.0571, v=1.9954, norn{residual,2)=7 3762, A*x_k-b=4 0525, obj_func=0.1179

%=3.3723, y=-2.3723, normiresidual,2}=1.0172e-05, h+x_k-b=E.654e-06, obj_func=7.9398
%=3.3723, y=-2.3723, norm{residual,2)=1.0044e-05, A+x_k-b=6.5707e-06, obj_func=7.9393
%=3.3723, v=-2.3723, norn{residual,2)=0.918%e-06, A+x_k-b=6.4884e-08, obj_func=7.9933

A
W

¥
=
==

Infeasible start Mewton Method with Backtracking LineSearch using Numerical Gradients
w=0.20963, y=-0.29463, norm(residual,2)=27.6919, d+x_k-b=-1.085, obj_func=171.5157
%=1.9737, v=-1.9221, norniresidual,2)=63 5154, A+x_k-b=-0,94832, obj_func=83.2498
#=2,0086, v=-1.9243, norn{residual,2)=59, 1042, A+x_k-b=-0,91868, obi_func=80.9082

.

%=3.3723, y=-2.3723, normi{residual,2)=1.0291e-05, A+x_k-b=—1.6688e-07, obj_func=8
%=3.3723, y=-2.3723, normi{residual,2)=1.0131e-05, A+x_k-b=—1.6427e-07, obj_func=8
%=3.3723, y=-2.3723, norm{residual,2)=9.9724e-06, A+x_k-b=—1.617e-07, obji_func=8
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2.  Unconstrained Optimization

3. Equality Constrained Optimization

| |
i 4. Inequality Constrained Optimization i min, f(x) st h(x)=0, g(x)<0
: » Barrier Method :
] ]
| |
| |

xeR", f:R" >R, h:RP >R, g:R" >R

» Phase | Optimization Problem

5. Comparison with MATLAB’s fmincon Results

6. Conclusion
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Barrier Method

 The barrier method solves a sequence of equality constrained problems where the
inequality constraints are replaced with a so-called barrier function that is added to
objective function.

Original Problem (P)
. mxinf(x) subjectto h(x) =0, g(x) <0

Reformulated Problem i

I
« |minf(x)+ Y2, I7(g(x)) subjectto h(x) =0 |
X E—
_ _[{0ifu<O
where [ (u)—{oo if u> 0 ﬂ > g=u

* But, now we have a non-differentiable objective function!
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Statement Optimization Optimization Optimization i with MATLAB

Barrier Method

We approximate the previous representation by adding the log barrier function.

Centering Problem (P*)

. mxinf(x) — %Z’i’;l log (—gi;(x)) subjectto h(x) =0

where as g; (x) = 0, —log (—g;(x)) -

* Fort>0, %log(—g(x)) is a smooth approximation of I~ (u) : "

* Approximation improves as T — oo. But for any value of 7, the log barrier approaches oo
if any g;(x) = 0.
* Numerically unstable as T = .

* For sufficiently large T > 0, the solution to P*, denoted as x*(t), can be obtained by
the Newton method.

* Key idea: Start with some small value of 7, solve P* and use that x*(t) as a hot-start
for the next iteration, for which 7 is increased. “Centering step”

» Repeat until ? < & where € is a measure of “how close you want to get to inequality constraint.”
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Ba

rrier Method

Let p(x) = — X2, log (—gi(x))

Suppose we have linear equality and linear inequality constraints
> h(x) =Ax—b=0, hy(xX) =alx—b; =0
> gx)=Cx—-d<0, gi(x) =c/x—d; <0

Then, the log barrier functions becomes

> p(x) =—-X" log (d; — ciTx)
> V,p(x) = CTd' whered, = —

T
di—ci

X

> Vi¢p(x) = C"diag(d'*)C with dom ¢ = {x|c]x < d;}
Also, centering step problem P* becomes

min f(x) subjectto Ax=b =
X

min 7/ (x) + ¢(x) subjectto Ax = b
X
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Barrier Method

« VF(x) =tVf(x) +Vop(x) = 1Vf(x) + CTd’

2 Fe) = eD(37@) + D(790)

=TV f (x) + V29 (x) min f(x) = T (x) + $(x)
= 1V2f(x) + C"diag(d'*)C subject to Ax = b

Gradient: Vf(x) can be obtained by numerical differentiation
Hessian: V2f(x) can be obtained by BFGS update
So, KKT system becomes

(V2 f(x) AT] [Axnt] _ [V Flx) + ATA]

A 0 | 1A Ax — b
o [V () + C"diag(d'*)C AT] [Axnt] _ _[TVf(x)+CTd’ + ATA]
A 0 AAnt Ax —Db

_l )
Y

~ Ax,:: Primal Newton step
S AA,.: Dual Newton step
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6. Conclusion

Barrier Method

* Barrier method requires an initial point that is strictly feasible for all inequality
constraints.

BARRIER METHOD FOR LINEAR EQUALITY AND INEQUALITY CONSTRAINTS

1  Choose strictly feasible x , convergence tolerance tol, u>1, r=r1,

2 while m/t>tol do

3 Initialize I:IO =71 +C"diag(d*)C

4 while ”r(x,v)”2 > tol do _—

5 S=[#, 44 ol PSp=1DL

6 [Ax,;Av, |=—PL DL P"r(x,v) “Centering step”
7 Choose t that minimizes $(n, )= ”r (x+tAx,,v+iAv, )| by BTLS = Cm?rr:ﬁ]?;ﬁ]g*f;)(xt;y+ ()
8 Xpw € X HIAY,, Vi <V HIAY, subject to Ax = b

9 r(xv) [V (5. )+CTd, + AV, Ax,, —b]

10 Update H , via BFGS -

11 end while

12 x < x (1)

13 T < ur

14 end while
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Statement Optimization Optimization Optimization i with MATLAB  ({ ™

Barrier Method on Inequality-constrained LP

 Example on inequality-constrained LP
» min tcTx — X2 log(d; — cfx), f(x) = cTx
X
* The barrier function corresponds to polyhedral constraint Cx —d < 0
 The KKT system, or the optimality conditions (V,L(x,A) =0 ~ A = 0)

Ve(tcTx) + Vi (p(x)) =0 = 7c + CTd' = 0

Contour of ¢ at x*(10)

* Geometric Interpretation: gradient Vo (x*(t)) = —1c,

» must be parallel to —c
> Hyperplane {x| cTx = cTx*(t)} lies tangent
to contour of ¢ at x™(t) Vo (x*(10))

(From B & V page 565)
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Barrier Method on Inequality-constrained LP

https://en.wikipedia.org/wiki/Interior-point_method
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Test on Himmelblau Function

* Oneequality constraint: x + y = 1
* Oneinequality constraint: x —y < —3

fx.y)

=g ———r———a—u

Equality Constraint (x+y=1) (Phase |} Barrier method with Basic Backtracking Line Search using Numerical Gradients

e Inequality Constraint (x-y<-3)
=== —————o % Phase | by Newton's method (BFGS,BTLS.NumGrad)
=== = ——|—Barrier Method (BFGS,BTLS NumGrad) |

pk =

T 1}
-4
14

1

t=1, »=1.1786, y=-2.8786, s=13.8714, h+x_k-b=-2.5, phasel_objfunc=11.6672
LA | t=1, »=1.6796, v=-1.9296, $=12.915, A+x_k-b=-1.25, phasel_objfunc=11.0735
W ".I \Illlllll‘II‘II‘IIII\‘I|I|I|I|I\III\IIIIIII‘I‘II\I“I'\‘I" t=1, »=-5.9371, »=5.3121, 5=-25.0452, A+x_k-b=—0.625, phasel_objfunc=-27 8043-3.14155i
LUV

\
IR AR AR AR Strictly feasible solution is found, $=-25.0452

| i "'\ |||‘II"|I|I“I"|'||III‘II|II|IIII\III|I|‘I\
| THETHTAL
L '|”|I'I\‘|‘|I|'|Il'|‘|‘|””'I\I

|
At
'Hﬂﬂﬂﬁl |

)

ld

i
iR

A

LR
IR "‘"|I\|II""‘II‘I‘|‘,I\‘|I\I\III|‘|‘|I"I
i ‘|I\'\Il'|II‘IIII\I\""Il'I|"”"'J‘+

|
1]
i T

R
AT
HHEERH AL
i

et

|‘|”|'|'|""|"‘l"‘||!||_u t=5, x=—4.5636, y=4.9399, Aex_k-b=—0.62378, ob)_func=382.E738

\|| HHHH"”'T t=F, w=-4,5E61, y=4,9948, A+x_k-b=-0,62134, obj_func=379.6270

',’..||}|ll|“||'I t=5, x=—4.5508, y=4.9317, Aex_k-b=—0.61892, ob_func=077.4118
| |,|‘|,H|I‘

/

||h"\‘,H |‘I”I ll/l I |
| :|:|||\”:‘:||“|.‘I.|‘" W\

IS

t=5000, «=-2,3723, v=3,3723, A+x_k-b=-9.990%e-12, obi_func=8
t=5000, «=-2,3723, v=3,3723, A+x_k-b=-4,9956=-12, obi_func=8
t=5000, «=-2,3723, v=3,3723, A+u_k-b=-2.497Be-12, obi_func=8
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6. Conclusion

Why Barrier Method?

e Strengths

» Polynomial complexity in the worst case LP
* Combinatorial complexity for Simplex method

» Viable linear algebra operation
* |PM does only solving linear system, which is straightforward
» Suitable for large, sparse problems

» Robust to “scaling” of problem

* Can handle large-scale problems

e Weaknesses

» Each centering step is an expensive operation
» Converges to a local minimum if problem is not convex

* Interior-point methods for nonconvex nonlinear programming have been developed by

Benson, Shanno, and Vanderbei in 2000.
* Otherwise, use global optimizers such as CEALM
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Statement Optimization Optimization Optimization with MATLAB 6. Conclusion

Barrier Method MATLAB Code Implementation

e Define Constrained Parameter Optimization Problem

N = 200; % Number of collocation nodes
tf =10 % final time fixed problem
h_step = tf/N;

Waypoint = false;

WP = [2,150:5,50]: % for zk

% Define Decision Yariables, ¥ (3=N+3)

n_war = 3, % [z,v,u]

n = 3xN+3; % dimension of X

% = zeros(n,1): % colunn [20,w0,u0, . ., 2N, vN,uNT, zk = ker_var+l; vk = ken_var+2; uk = ken_var+3, k=0,1.,...,N

% Define Eguality Constraints (Ax=b or AX-b=0, (H+N+2+2)-by-n)
% 1. Dynamic Constraints (N+M)
A_dyn = zeros(2+N,n)

for k=1:N
A_dynik, [(k=1)=n_var+l, ker_var+l, (k=1)=n_wvar+?, kxn_var+2, (k—1)=n_var+3, k=n_var+3]) = [-1, 1, -h_step/2, —h_step/?, h_step™2/12, —h_step™2/12]
A_dyn(k+N, [(k=1)=n_var+2, ksn_var+2, (k-1}xn_var+3, ken_var+3]) = [-1, 1, h_step/2, h_step/2]: % k=120, vO,v1, ul,ul

end

% 2. Initial and Final Conditions

A_cond = zeros(2+2,n).

k=1; A_cond{1, (k=1)=n_var+1) =1; A_cond(2, (k=1)=n_var+2) =1; % z0,v0
k=N; A_cond(3, ke war+i) = 1; A_cond(4,ken_var+2) = 1; %z, N

% 3. Form matrix &
& = [A_dyn;a_cond];

% 4. Form RHS matrix b, (N+H+2+2) by
b = zeros(2«N+4,1); % column
for k=1:N
b{k+N) = gxh_step;
end
D{[2xN+1,25N+2, 2N+3, 2N+4]) = [100;10:0.0]
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Barrier Method MATLAB Code Implementation

e Define Constrained Parameter Optimization Problem

Define Inequality Constraints (Cx<=d or Cx-d<=0, 2xN+2)
1. Upper and Lower bounds on variables

= [eye(n);-eye(n)]:

= le3=ones(2+n, 1), % column

O O =2 =8

% Define Objective Function

% 1.obifunc = (usu')=tf/(2«N);

% 2.objfunc = (uliend=1)»ul1:end=1)" + u(l:end=-1)=u(2:end)’ + u(2:end)»=u(2: end) ' Jxtf/{(3=N) /2

Sobj_fune = @(x) sum{x(n_var:3:n, ). 72, 1)=tf/(2=N); % u = x{n_var:3:n}; % column

obj_func = @(x) (sum(x(n_var:3:n-n_var,:).”2,1] + sum(x(n_var:3:n-n_var, ). «x(Z*n_var:3:n,:),1) + sum{x(2xn_var:3:n,:). 72,11 Jxtf/(3=N)/2;
obj1 = false; %true if obj_funcl is used

% Define Waypoint (if any) and add constraints
if Waypoint
sz = size(WP);
h_wp = zeros(sz(
b_wp = zeros(sz(
for i=1:sz(2)
ti = WP(i, 1) % time
ide = ti/(tf/N); % index
A_wp (i, idswn_var+1) =1
b_wp(i) = WP(i,2);
end
b= [Aid_wpls
b = [b:ib_wpl:
# for logging
trace_data_wp = zeros(100,4)
else
trace_data = zeros(100,4)
end

1.n)

2),n);
2),1):
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Barrier Method MATLAB Code Implementation

e Solving by Barrier Method

x0 = ones{n,1);

* ko= =l

P = |length(b); % number of equality constraints

m = |length(d): % number of inequality constraints
Hk =eyeln): | =eveln):

nu_k = zeros{p,1);

t0 =10, % Initialize centering step

pk = [x_k;t0];

BM obj = @Froject BM_objfunc;

g_k = num_gradi{BM_abj, h, pk)':

% Check with analytic gradient

d_prime = 1./(d-Cxx_k);

g_k_check = tOxnum_grad(obj_func,h,x_k)' + C'=d_prime;

assert (norm{g_k-g_k_check,2)<1e—4,"numerical gradient very different from analytical gradient for BM")

vk = [%_k; nu_kig kl; % (n)+(p)+(n)
residual _func = @(vk) [yk{n+p+lntptnl+a =yk(neln+pd; dxyk(1ond=b] % equiv to Bl k,nu ko k) [a ks =nu kb k-]
residual = residual _func(yk);
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Barrier Method MATLAB Code Implementation

= 10: maxiter=1s2

e Solving by Barrier Method

| BARRIER METHOD FOR LINEAR EQUALITY AND INEQUALITY CONSTRAINTS

1 Choose strictly feasible x , convergence tolerance tol, u>1, =1,
DL factorisstion 2 while m/t>tol do

3 | Initialize Hy=11+C"diag(d")C

4 while Hr(x,v)HZZtol do

e 5 5‘:[1—1 A4 0}, P'SP=LDL
6 [Av,;Av, ]==PL" DL P r(x,v)
. 7 Choose ¢ that minimizes §(7,) = (x-+1Ax,.v+Av, ) | by BTLS
1 J\t e 8 Xy X, HIAX,, v, v HAY,
T 9 r(x,V)(—[TVf(XkH)+CTdVM+ATVA+1; Axkﬂ—b}
10 Update ﬁk via BFGS
1 end while
= S S 2 |rexo
13 T4 ur
14 end while
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Comparison with MATLAB’s fmincon

 Without waypoint constraints: Objective function = 719.2805

120 Optimal Trajectory by Hermite Simpson Method 20 Optimal Control Input u(t) by Hermite Simpson Method
T T T T T T T T T T T T T T T T
2(t) with N=20
2(t) with N=50 18-
100 2(t) with N=100 |
2(t) with N=200 6l
v(t) with N=20
L v(t) with N=50 | |
80 v(t) with N=100 14}
v(t) with N=200
) 12 -
E 60 —
= <
° 2 10
& £
4
E® st
20 6
4
0
2L
20 T o I I | I 1 I I I I
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time [sec] Time [sec]
Optimal Trajectory by Hermite Simpson Method using Barrier Method Optimal Control Input u(t) by Hermite Simpson Method using Barrier Method
120 T T T T T T T T T 20 T T T T T T T T T
2(t) with N=20 —N=20
2(t) with N=50 18 - N=50 |4
100 2(t) with N=100 | N=100
—2z(t) with N=200 6k ——N=200] |
vit) with N=20
an | vit) with N=50 | | b
——v(t) with N=100
—v(t) with N=200
¥ ok
g 60
—_ N:
° LT
s E
E 40 b
20 6
sk
0
P
20 o I I I | | | I I I
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time [sec] Time [sec]

SAI Strategic
Aerospace 41

22D Initiative



1. Intro/Prob 2. Unconstrained 3. Equality Constrained 4. Inequality Constrained 5. Comparison

Statement Optimization Optimization Optimization with MATLAB 6. Conclusion

Comparison with MATLAB’s fmincon

* With waypoint constraints: Objective function = 2612.058 z(2) = 150,z(5) = 50

150 .. Optimal Trajectory by Hermite Simpson Method Optimal Control Input u(t) by Hermite Simpson Method
T T T T T T T T T T T T

T T 80
2(t) with N=20 —— N=20
2(t) with N=50 e N=50
2(t) with N=100 N=100
2(t) with N=200
)
)
)

v(t) with N=20
v(t) with N=50 |7
v(t) with N=100
v(t) with N=200
X datal
X  data2

50

[m] and [m/s]

50 I I L L I I I I 40 I I I I I I 1 I I
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

Time [sec] Time [sec]

150 T 80

2(t) with N=20 ——N=20
2(t) with N=50 N=50
2(t) with N=100 N=100
2(t) with N=200 60 I~ —N=200
vit) with N=20
vit) with N=50
— (1) with N=100
v(t) with N=200
¥ datal
X data?

Optimal Trajectory by Hermite Simpson Method using Barrier Method Optimal Control Input u(t) by Hermite Simpson Method using Barrier Method
T T T T T T T T T T T T T T T T

100

50

[m] and [m/s]
[m.’sz]

-50

Time [sec] Time [sec]
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Barrier Method Results

e Residual Plot (without waypoints, with waypoints)

Residual Plot |r| for 7=10 Residual Plot |r|2 for 7=100
3500 T T T T T T T T 1200 T T T T T T T
N=20 N=100
=N=50 N=200
3000 N=100
——N=200 1000 “ b
2500 A
800 f
2000 - 1
600 f
1500 A
400 - A
1000 1
500 i 200 A
0 : I . . . . . o I I . . | | | I
0 10 20 30 40 50 60 70 80 90 100 100 110 120 130 140 150 160 170 180 190
Iteration Iteration
Residual Plot |r| for 7=10 Residual Plot |r|2 for 7=100
7000 T T T T T T T T 1500 -
N=20
=N=50
6000 N=100
——N=200
5000 A
1000 -
4000 [ 1
3000 A
500
2000 3 1
1000 - f
o . . . . . . . o . . . . . . . . . )
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Barrier Method Results

Norm of Equality Constraints Plot (without waypoints, with waypoints)

Norm of Equality Constraints |Ax — b|, for 7=10

60 T T T

N=20

— =50
N=100| |

—N=200

| | | L L L | |
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Barrier Method Results

e Objective Function Plot (without waypoints, with waypoints)

Objective Function f,(x) for 7=10 Objective Function f,(x) for 7=100
2200 T T T T T T T T 719.280514 T T T T T T T T
N=20
2000 - NS0
N=100 719.280512 7
——nN=200
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1600 8
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6. Conclusion

> Reflections
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5. Comparison
with MATLAB

|

6. Conclusion

Conclusion

 Implemented MATLAB Code for parameter optimization algorithms

» Unconstrained Problem
* Steepest Descent
* Newton Method
* Quasi-Newton Method (BFGS)
» Equality Constrained Problem
* Constrained Newton Method (KKT)
* Infeasible start Newton Method
» Inequality Constrained Problem
e Barrier Method
* Phase | Optimization Problem

* Solved optimal guidance problem using MATLAB’s fmincon and Barrier

method

» Additional waypoint constraints at two points
» Comparison of Results
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6. Conclusion

Reflection

* Had a chance to manually code various optimization algorithms

» Great experience to understand how the algorithm works

* Gained skills to code algorithms independently

» Should be prepared if such a need arises, possibly in near future

SAI Strategic
Aerospace

D Initiative

48




Thank you




References

* Boyd, S., & Vandenberghe, L. (2004). Convex Optimization. Cambridge: Cambridge University Press.
doi:10.1017/CB09780511804441

* Nocedal, Jorge., & Wright. S. (2006). Numerical Optimization. Spriner-Verlag New York. Doi:
10.1007/978-0-387-40065-5

* Daniel, Robinson P. “Line-Search Methods for Smooth Unconstrained Optimization.” Department
of Applied Mathematics and Statistics Johns Hopkins University, 17 Sept. 2020,
www.ams.jhu.edu/~abasu9/AMS_553-761/lecture05_handout2.pdf.

* MinJea, Tahk. “Part B: Parameter Optimization.” Department of Aerospace Engineering, KAIST

SAI Strategic
Aerospace

D Initiative



Appendix




Phase | Optimization Problem

+ The Barrker methid requins an initial point. thet s Strictly feacitle dor all .'mc[uulu'-ly
Cpnetraints.
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Convex Optimization by S. Boyd pg. 579

11.4

11.4.1

11.4 Feasibility and phase | methods

579

Feasibility and phase | methods

The barrier method requires a strictly feasible starting point (%), When such a
point 1s not known, the barrier method is preceded by a preliminary stage, called
phase I, in which a strictly feasible point is computed (or the constraints are found
to be infeasible). The strictly feasible point found during phase 1 is then used as
the starting point for the barrier method, which is called the phase IT stage. In

this section we describe several phase I methods.

Basic phase | method

We consider a set of inequalities and equalities in the variables € R",
filz) =0, i=1,..., m, Az =5, (11.18)

where f; : R™ — R are convex, with continnous second derivatives. We assume
that we are given a point ¥ € dom f; N - -- N dom f,,, with A=(" = b.

Onr goal is to find a strictly feasible solution of these inequalities and equalities,
or determine that none exists. To do this we form the following optimization

problem:
minimize s
subject to  fi(z) <s i=1,..., m (11.19)
Ax=b

in the variables = € R™, s € R. The variable s can be interpreted as a bound on
the maximum infeasibility of the inequalities; the goal is to drive the maximmom
infeasibility below zero.

This problem is always strictly feasible, since we can choose x(%) as starting
point for x, and for s, we can choose any number larger than max;—; ., fi(=(®).
We can therefore apply the barrier method to solve the problem (11.19), which is
called the phase I optimization problem associated with the inequality and equality
system (11.19).
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Changing Final Time Constraints

* Tried with a problem with v(tf) = 5, objective function value = 715.2305

Optimal Trajectory by Hermite Simpson Method
T T T T T

Optimal Control Input u(t) by Hermite Simpson Method
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Optimal Trajectory by Hermite Simpson Method using Barrier Method Optimal Control Input u(t) by Hermite Simpson Method using Barrier Method
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Saturated Control Input

For control input, set —15 < u(t) < 15
Very difficult to converge to the optimal solution

> Current plain backtracking line search gives step size of order 10~7

» After relaxing convergence tolerance, managed to obtain solution for N=50
» Difficulty increases with number of collocation nodes

Different strategy for line search algorithm is required

» Many variants of backtracking line search have been studied
* Wolfe conditions (suitable for both quasi-newton and conjugate gradient)
* Goldstein conditions (not suitable for quasi-newton)

Instead of Barrier method, Primal-dual method is another option.
» Directly solves the perturbed KKT system
» Primal-dual generally has faster convergence than barrier
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Saturated Control Input

* For control input, set —15 < u(t) < 15

Optimal Trajectory by Hermite Simpson Method
T T T T T T

Optimal Control Input u(t) by Hermite Simpson Method
T T T T T T T
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Optimal Trajectory by Hermite Simpson Method using Barrier Method Optimal Control Input u(t) by Hermite Simpson Method using Barrier Method
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